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• Hilbert space of functions F from X to R

• RKHS: evaluation operator δx : F → R, f 7→ f(x) bounded

• Riesz: unique representer of evaluation k(x, ·) ∈ F :

f(x) = 〈f, k(x, ·)〉F

– k(x, ·) feature map

– k : X × X 7→ R kernel function

• Why useful: Convergence in norm of F implies pointwise convergence

• Inner product between two feature maps:

〈k(x1, ·), k(x2, ·)〉F = k(x1, x2)

• Moore-Aronszajn: Every RKHS has a UNIQUE positive definite kernel

– ...and vice versa
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• How to define a metric on the space of probability
measures

– Function revealing differences in distributions

– Distance between means in space of features (RKHS)

– Same thing: the MMD [Gretton et al., 2007, Borgwardt et al., 2006]

• For which feature spaces are mappings unique?

– Characteristic RKHSs [Fukumizu et al., 2008, Sriperumbudur et al., 2008]

– Easy to check for translation invariant kernels

• Related problem: independence [Gretton et al., 2008]



Function Showing Difference in Distributions (1)

• Idea: avoid density estimation when comparing distributions P and Q

[Fortet and Mourier, 1953]

MMD(P,Q;F ) := sup
f∈F

[EPf(x) − EQf(y)] .



Function Showing Difference in Distributions (1)

• Idea: avoid density estimation when comparing distributions P and Q

[Fortet and Mourier, 1953]

MMD(P,Q;F ) := sup
f∈F

[EPf(x) − EQf(y)] .

• Classical results: MMD(P,Q;F ) = 0 iff P = Q, when

– F =bounded continuous [Dudley, 2002]

– F = bounded variation 1 (Kolmogorov metric) [Müller, 1997]

– F = bounded Lipschitz (Earth mover’s distances) [Dudley, 2002]



Function Showing Difference in Distributions (1)

• Idea: avoid density estimation when comparing distributions P and Q

[Fortet and Mourier, 1953]

MMD(P,Q;F ) := sup
f∈F

[EPf(x) − EQf(y)] .

• Classical results: MMD(P,Q;F ) = 0 iff P = Q, when

– F =bounded continuous [Dudley, 2002]

– F = bounded variation 1 (Kolmogorov metric) [Müller, 1997]

– F = bounded Lipschitz (Earth mover’s distances) [Dudley, 2002]

• MMD(P,Q;F ) = 0 iff P = Q when F =the unit ball in a characteristic

RKHS F [Fukumizu et al., 2008, Sriperumbudur et al., 2008]



Function Showing Difference in Distributions (1)

• Idea: avoid density estimation when comparing distributions P and Q

[Fortet and Mourier, 1953]

MMD(P,Q;F ) := sup
f∈F

[EPf(x) − EQf(y)] .

• Classical results: MMD(P,Q;F ) = 0 iff P = Q, when

– F =bounded continuous [Dudley, 2002]

– F = bounded variation 1 (Kolmogorov metric) [Müller, 1997]

– F = bounded Lipschitz (Earth mover’s distances) [Dudley, 2002]

• MMD(P,Q;F ) = 0 iff P = Q when F =the unit ball in a characteristic

RKHS F [Fukumizu et al., 2008, Sriperumbudur et al., 2008]

– Examples: Gaussian, Laplace, . . .



Function Showing Difference in Distributions (2)

• Gauss P vs Laplace Q
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• The (kernel) MMD:

MMD2(P,Q;F )

=

(

sup
f∈F

[EPf(x) − EQf(y)]

)2

=

(

sup
f∈F

〈f, µx − µy〉F

)2

= ‖µx − µy‖
2
F

= 〈µx − µy, µx − µy〉F

= EP,P′k(x, x′) + EQ,Q′k(y, y′) − 2EP,Qk(x, y)

• x
′ is a R.V.

independent of x

with distribution

P

• y
′ is a R.V. inde-

pendent of y with

distribution Q.

• Reminder:

µx :=

∫

k(·, x) dP(x)
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Characteristic Kernels (1)

• For what kernels is MMD a metric (MMD = 0 iff P = Q)

• Translation invariant kernels: k(x, y) = k(x − y)

• Bochner’s theorem:

k(x) =

∫

Rd

e−ix⊤ωdΛ(ω)

– Λ finite non-negative Borel measure

• Fourier representation of MMD:

MMD(P,Q;F ) :=
∥

∥

∥

[(

φ̄P − φ̄Q

)

Λ
]∨
∥

∥

∥

F

– φP characteristic function of P

– f∧ is Fourier transform, f∨ is inverse fourier transform



Characteristic Kernels (2)

• Example: P differs from Q at (roughly) one frequency
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• Gaussian kernel

• Difference in distribution spectra
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• Difference in distribution spectra
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Characteristic Kernels (3)

• Example: P differs from Q at (roughly) one frequency
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• Sinc kernel NOT characteristic

• Difference in distribution spectra
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Characteristic Kernels (4)

• Example: P differs from Q at (roughly) one frequency
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• B-Spline kernel ???

• Difference in distribution spectra
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Characteristic Kernels (4)

• Example: P differs from Q at (roughly) one frequency
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• B-Spline kernel characteristic

• Difference in distribution spectra
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Characteristic Kernels (5)

• Main theorem: k characteristic if and only if

supp(Λ) = R
d

• Corollary: if k continuous with compact support, then k

characteristic

• Another example: universal kernels on compact
domains, includes NON-translation invariant [Steinwart, 2001]

• Similar reasoning wherever extensions of Bochner’s theorem exist:

– Locally compact Abelian groups (periodic domains)

– Compact, non-Abelian groups (orthogonal matrices)

– The semigroup R
+
n (histograms)



Kernel Choice (1)

• Gaussian kernel example
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• MMD vs frequency of perturbation to P
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Kernel Choice (2)

• B-spline kernel example
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Dependence detection using MMD
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• Independence

– Determine: Does P = PxPy?
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MMD for Independence (1)

• Independence

– Determine: Does P = PxPy?

• MMD between mapping of P and mapping of PxPy

• Covariance operators in spaces of features

– Spectral norm (COCO) [Gretton et al., 2005b,c]

– Hilbert-Schmidt norm (HSIC) [Gretton et al., 2005a]



MMD for Independence (2)

• F with kernel k(x, x′), G with kernel l(y, y′)

• Define the product space F × G with kernel

〈

Φ(x, y),Φ(x′, y′)
〉

= K((x, y), (x′, y′)) = k(x, x′)l(y, y′)
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MMD for Independence (2)

• F with kernel k(x, x′), G with kernel l(y, y′)

• Define the product space F × G with kernel

〈

Φ(x, y),Φ(x′, y′)
〉

= K((x, y), (x′, y′)) = k(x, x′)l(y, y′)

• Define the mean elements

〈µxy,Φ(x, y)〉 := Ex′,y′

〈

Φ(x′, y′),Φ(x, y)
〉

= Ex′,y′k(x, x′)l(y, y′)

and

〈µx⊥⊥y,Φ(x, y)〉 := Ex′,y′′

〈

Φ(x′, y′′),Φ(x, y)
〉

= Ex′k(x, x′)Ey′ l(y, y′)

• The squared distance between these two mean elements is

MMD2(P,PxPy;F × G) = ‖µxy − µx⊥⊥y‖
2
F×G

=: HSIC(P, F, G)



MMD for Independence (3)

• Witness function:

sup
‖f‖≤1

〈f, µxy − µx⊥⊥y〉F×G = ‖µxy − µx⊥⊥y‖F×G

X

Y

Dependence witness and sample
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Covariance in RKHS (1)

• Idea: avoid density estimation when testing P = PxPy [Rényi, 1959]

COCO(P;F ,G) := sup
f∈F ,g∈G

(Ex,y[f(x)g(y)] − Ex[f(x)]Ey[g(y)])



Covariance in RKHS (1)

• Idea: avoid density estimation when testing P = PxPy [Rényi, 1959]
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Covariance in RKHS (1)

• Idea: avoid density estimation when testing P = PxPy [Rényi, 1959]

COCO(P;F ,G) := sup
f∈F ,g∈G

(Ex,y[f(x)g(y)] − Ex[f(x)]Ey[g(y)])

• COCO(P;F, G) = 0 iff x, y independent, when F and G are respective

unit balls in characteristic RKHSs F ,G [Fukumizu et al., 2008,

Sriperumbudur et al., 2008]

More formally:

• Covariance operator: Σxy : G → F such that

〈f,Σxyg〉F = Ex,y[f(x)g(y)] − Ex[f(x)]Ey[g(y)]

• COCO is the spectral norm of Σxy [Gretton et al., 2005b,c]:

COCO(P;F, G) := ‖Σxy‖S



Covariance in RKHS (2)

• Example: variables with zero correlation

• Can we do better?
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• Example: variables with zero correlation

• Can we do better?
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Covariance in RKHS (2)

• Example: variables with zero correlation

• Can we do better?
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Correlation: −0.37  COCO
2
: 0.06



Hilbert-Schmidt Independence Criterion

• Given γi := COCOi(z;F, G), z := {(x1, y1), . . . , (xm, ym)}

• Hilbert-Schmidt Independence Criterion (HSIC) [Gretton et al., 2005a]

HSIC(z;F, G) :=
m
∑

i=1

γ2
i
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• Hilbert-Schmidt Independence Criterion (HSIC) [Gretton et al., 2005a]

HSIC(z;F, G) :=
m
∑

i=1

γ2
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• In limit of infinite samples:

HSIC(P;F, G) := ‖Σxy‖
2
HS
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′)]

− 2Ex,y

[

Ex′ [k(x, x′)]Ey′ [l(y, y
′)]
]



Hilbert-Schmidt Independence Criterion

• Given γi := COCOi(z;F, G), z := {(x1, y1), . . . , (xm, ym)}

• Hilbert-Schmidt Independence Criterion (HSIC) [Gretton et al., 2005a]

HSIC(z;F, G) :=
m
∑

i=1

γ2
i

• In limit of infinite samples:

HSIC(P;F, G) := ‖Σxy‖
2
HS

= Ex,x′,y,y′ [k(x, x′)l(y, y′)] + Ex,x′ [k(x, x′)]Ey,y′ [l(y, y
′)]

− 2Ex,y

[

Ex′ [k(x, x′)]Ey′ [l(y, y
′)]
]

• (Biased) empirical HSIC a v-statistic

HSIC(z;F, G) :=
1

m2
trace(KHLH) H = I −

1

m
11

⊤



End of Part 1

• Embeddings of distributions into RKHSs

• Injective for characteristic kernels

– Easy to check for translation invariant kernels:

support of spectrum is R
d.

• HSIC: distance between embedding of P and of PxPy

• Next part:

HSIC(z; F, G) :=
1

m2
trace(KHLH)



Questions?
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